Abstract. Let χ be a nontrivial Dirichlet character modulo an odd prime p. Write
We shall prove
and, for complex χ,
where c(k) is a constant depending only on k.
Introduction
Let p be an odd prime. Write 
S(a) =
We may expect, for any Dirichlet character χ to the modulus p, that 
D. H. and E. Lehmer ([L]) found empirically in 1952 and proved in 1959 that
If k = 2, we can prove more.
where χ is a nontrivial Dirichlet character to the modulus p,
is a Gauss sum and
is a Jacobi sum.
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Another form of Theorem 2 is
where χ is a nontrivial Dirichlet character to the modulus p. It is equivalent to
where χ runs over all nontrivial Dirichlet characters to the modulus p. So
where χ runs over all nontrivial Dirichlet characters to the modulus p. It implies
where χ is a nontrivial Dirichlet character to the modulus p. That is a little sharper than
which was proved for quadratic Dirichlet character χ to the modulus p, and conjectured for general nontrivial Dirichlet character χ in ( [C] ) by Conrey and Iwaniec.
Remark. Theorems 1 and 2 generalize to the finite field case.
The twisted square moment
We now prove Theorem 2. Opening S(a) 2 , we get
Summing over a first and applying
,
A change of variable yields
Summing over x first and applying
once more, we get
The twisted higher moments
We now prove Theorem 1. For q = p m , write
where x runs over all nonzero elements in F q , and tr is the trace map from F q to F p . Write
where a runs over all nonzero elements in F q , and ψ is a multiplicative character of F q . Write
where χ m is the lift of χ from
and the total number of α v (χ) is bounded by a number c(k) depending only on k. We conclude that
from which Theorem 2 follows. Otherwise, according to E. Bombieri's arguments ( [B] ),
for infinitely many m, contradicting the following lemma.
where ψ runs over all multiplicative characters of F q .
Indeed, we have
The lemma now follows from N. Katz's equidistribution result ( [K] )
Acknowledgment
The author thanks J. Conrey and H. Iwaniec for offering their manuscript [C] , N. Katz for sending his red book [K] , Chengbiao Pan for his constant support, Kezheng Li for his willingness to help, Hongbin Yu and Fei Xu for informing the author about Lehmers' results, and Chungang Ji for exciting discussions.
Added in proof
From Theorem 1 one can deduce that, for every odd integer m,
where c(k) is the constant in Theorem 1. That is, for every fixed odd integer m, the angles θ(a m ), for 1 ≤ a ≤ p − 1, are equidistributed with respect to the Sato-Tate measure as p goes to infinity.
